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Nons ta t i ona ry  Means i n  a  Mul t inormal  P roces s*  
Robert  L. Winkler** and C h r i s t o p h e r  B. Barry*** 
1. I n t r o d u c t i o n  
Mul t inormal  p r o c e s s e s  have  r e c e i v e d  c o n s i d e r a b l e  a t t e n -  
t i o n  i n  t h e  s t a t i s t i c a l  l i t e r a t u r e  ( e . g .  s e e  Johnson and 
Kotz [8, Chapters  35-36]).  Although much o f  t h i s  work h a s  
been  i n  t h e  " c l a s s i c a l "  t r a d i t i o n ,  t h e  Bayes ian  approach t o  
mul t inormal  p r o c e s s e s  i s  r e l a t i v e l y  s t r a i g h t f d r w a r d .  Con- 
s i d e r  a  mul t inormal  p r o c e s s  o f  dimension M w i t h  unknown mean 
v e c t o r  5 and known c o v a r i a n c e  m a t r i x  C. I n  making i n f e r -  
- - 
e n c e s  abou t  6, Bayes'  theorem can b e  e x p r e s s e d  i n  t h e  form 
- 
w i t h  t h e  u s u a l  abuse  o f  f u n c t i o n a l  n o t a t i o n .  That  i s ,  a s -  
suming t h a t  t h e  p r i o r  i n f o r m a t i o n  abou t  : can  b e  e x p r e s s e d  
- 
i n  t h e  form of a  p r i o r  d i s t r i b u t i o n  f ( p ) ,  - and t h a t  sample 
i n f o r m a t i o n  from t h e  p r o c e s s ,  denoted  by x ,  can  be  summa- 
- 
r i z e d  ( w i t h  r e s p e c t  t o  i n f e r e n c e s  conce rn ing  E) by t h e  
l i k e l i h o o d  f u n c t i o n  f ( x l ~ ) ,  Bayes'  theorem r e v i s e s  t h e  p r i o r  
-. - 
 his pape r  was p r e s e n t e d  a t  t h e  I n s t i t u t e  of  Mathemat ica l  
S t a t i s t i c s  Meetings.  
* * 
Graduate  School  o f  B u s i n e s s ,  I n d i a n a  U n i v e r s i t y ,  I n d i a n a ,  
U.S . A .  ; r e s e a r c h  s c h o l a r  a t  t h e  I n t e r n a t i o n a l  I n s t i t u t e  f o r  
 li lied Systems A n a l y s i s ,  Laxenburg, A u s t r i a .  
* * f 
U n i v e r s i t y  of  F l o r i d a ,  U.S.A. 
d i s i r i b u t i o n  on t h e  b a s i s  o f  t h e  new i n f o r m a t i o n ,  y i e l d i n g  
,. : ~ , ~ s t , e r i o r  d i s t . r i b u t i o n  f  (: 1:). T h i s  p r o v i d e s  a  framework 
I '  . I . r~ fe rcnces  a b o u t  and  f o r  d e c i s i o n s  t h a t  a r e  r e l a t e d  
- 
T O  F o r  example ,  i f  f ( p )  i s  a  m u l t i n o r m a l  d i s t r i b u t i o n ,  
- 
t h e n  i t  i s  c o n j u g a t e  t o  t h e  d a t a - g e n e r a t i n g  p r o c e s s  i n  t h i s  
inst-.ante, and  t h e  a p p l i c a t i o n  o f  Bayes '  t h e o r e m  r e s u l t s  i n  
'..J. c o s t e r i o r  d i s t r i b u t i o n  t h a t  i s  a l s o  a  m u l t i n o r m a l  d i s t r i -  
l i u t i o n  ( e . g .  s e e  R a i f f a  and  S c h l a i f e r  [g], o r  DeGroot [ 6 ]  ) .  
The i n f e r e n t i a l  model p r e s e n t e d  above  i s  a  s t a t i o n a r y  
m;del .  That  i s ,  i t  assumes t h a t  6 t a k e s  o n  a  s i n g l e  v a l u e  
- 
- ind c h a t  f ( u )  and  f ( p l x )  r e p r e s e n t  u n c e r t a i n t y  a b o u t  what  
- - - 
! h a t  v a l u e  i s .  For  example ,  6 c o u l d  r e p r e s e n t  t h e  mean r a t e  
- 
:>P change  o f  t h e  p r i c e s  o f  M s e c u r i t i e s ,  t h e  mean change  i n  
t n z  ?1.1lse r a t e  o f  M i n d i v i d u a l s  i n  r e s p o n s e  t o  a  p a r t i c u l a r  
di.7.ig, t h e  mean d a i l y  s a l e s  a t  M s t o r e s ,  a n d  s o  o n .  I n  e a c h  
- ~ 
~ . - , e ,  i s  assumed t o  b e  f i x e d  b u t  unknown. 
I n  many real . -world  s i t u a t i o n s ,  t h e  a s s u m p t i o n  o f  s t a t i o n -  
3 r c i y  is q u e s t i o n a b l e .  F o r  example ,  s e c u r i t y  p r i c e  c h a n g e s  
,nay be w e l l - r e p r e s e n t e d  by a  n o n s t a t i o n a r y  model ;  Hsu, M i l l e r ,  
arid Wichern [7] c l a i m  t h a t  a  n o n s t a t i o n a r y  normal  p r o c e s s  i s  
c o n s i s t e n t  w i t h  e m p i r i c a l  e v i d e n c e  ( a l s o ,  s e e  Boness ,  Chen, 
! r l i .  J a t u s i p i t a k  [L:]) P r o d u c t i o n  p r o c e s s e s  may b e  s t a t i o n a r y  
$ s h o r t  p e r i o d s  o f  t i m e ,  b u t  i n  most c a s e s  i t  would b e  ex- 
::'- ,:ted t h a t  f o r  a  l e n g t h y  p e r i o d ,  s t a t i o n a r i t y  would b e  a  
d c ~ ~ b t f u l  a s s u m p t i o n .  
D e s p i t e  t h e  a p p a r e n t  e x i s t e n c e  o f  n o n s t a t i o n a r i t y  i n  
many s i t u a t i o n s ,  few Bayes ian  models f o r  d e a l i n g  wi th  non- 
s t a t i o n a r y  p r o c e s s e s  have  been developed .  Ba the r  [2] de-  
v e l o p s  a  model i n  which t h e  mean of  a  u n i v a r i a t e  normal 
p r o c e s s  s h i f t s  s t o c h a s t i c a l l y  o v e r  t i m e  and uses  t h i s  model 
i n  t h e  s t u d y  o f  c o n t r o l  c h a r t s  ( a l s o ,  s e e  C a r t e r  151). Some 
b a s i c  n o t i o n s  u n d e r l y i n g  t h i s  model a r e  t r e a t e d  much more 
g e n e r a l l y  i n  Ba the r  [3].  
I n  t h i s  pape r ,  we c o n s i d e r  i n f e r e n c e s  a b o u t  t h e  mean 
v e c t o r  o f  a  mul t inormal  p r o c e s s  when t h e  mean v e c t o r  s h i f t s  
f rom p e r i o d  t o  p e r i o d ,  w i t h  t h e  s h i f t s  governed by an  i n -  
dependent  mul t inormal  p r o c e s s .  Th i s  is an  e x t e n s i o n  t o  t h e  
m u l t i v a r i a t e  c a s e  o f  t h e  s i t u a t i o n  t r e a t e d  i n  Ba the r  [2]. 
The model i s  p r e s e n t e d  i n  S e c t i o n  2,  some a p p l i c a t i o n s  t o  
p o r t f o l i o  a n a l y s i s  a r e  c o n s i d e r e d  i n  S e c t i o n  3 ,  and Sec- 
t i o n  4 c o n t a i n s  a  b r i e f  summary and d i s c u s s i o n .  
2 .  The Development o f  t h e  Model 
Cons ider  a  d a t a - g e n e r a t i n g  p roces s  t h a t  g e n e r a t e s  M- 
v e c t o r s  (column v e c t o r s )  o f  o b s e r v a t i o n s  Itl, zt2 , . , . 
- 
d u r i n g  t ime p e r i o d  t a c c o r d i n g  t o  a  mul t inormal  p r o c e s s  w i t h  
mean.$ and c o v a r i a n c e  m a t r i x  C. The c o v a r i a n c e  m a t r i x  C 
-t - - 
i s  known and does  n o t  change o v e r  time,' whereas E t  i s  
known and may change o v e r  t ime .  I n  p a r t i c u l a r ,  v a l u e s  o f  
t h e  mean v e c t o r  f o r  s u c c e s s i v e  t ime  p e r i o d s  a r e  r e l a t e d  a s  
'1n t h i s  p a p e r ,  a l l  c o v a r i a n c e  m a t r i c e s  a r e  assumed t o  
be  p o s i t i v e - d e f i n i t e  and symmetric .  
where g t t l  i s  a  mul t inormal  "random shock" t e rm independent  
of C t  w i t h  known mean e  and c o v a r i a n c e  m a t r i x  a .  
- -., 
I f  t h e  p r i o r  d i s t r i b u t i o n  o f  e t  a t  t h e  beg inn ing  of 
t ime p e r i o d  t i s  r e p r e s e n t e d  by f ( p t ) ,  and a  sample of s i z e  
-., 
nt d u r i n g  p e r i o d  t y i e l d s  Xt = ( z t l ,  s2 , . . . , t tn t  ) ,  t h e n  
- 
Bayesl  theorem can  b e  used t o  r e v i s e  t h e  d i s t r i b u t i o n  of  F t  
I n  g e n e r a l ,  t h i s  a p p l i c a t i o n  of  Bayes'  theorem may b e  d i f -  
f i c u l t  t o  c a r r y  o u t .  I f  t h e  p r i o r  d i s t r i b u t i o n  o f  Ft i s  
mu l t i no rma l ,  however, i t  i s  p o s s i b l e  t o  summarize t h e  r e -  
v i s i o n  of  t h e  d i s t r i b u t i o n  of  E t  i n  te rms  o f  two s imp le  
formulas  . 
Theorem 1. I f  t h e  p r i o r  d i s t r i b u t i o n  o f  c t  i s  a  mul t inormal  
d i s 5 r i b u t i o n  w i t h  mean m i  and c o v a r i a n c e  m a t r i x  23, and i f  
-., 
- 
X t i  * i = 1, ..., n t ,  a r e  independent  and i d e n t i c a l l y  d i s t r i b -  
u t e d  c o n d i t i o n a l  upon y t ,  each  h a v i n g  a  mu l t i no rma l  d i s t r i b -  
u t i o n  w i t h  mean p and c o v a r i a n c e  m a t r i x  C ,  t h e n  t h e  p o s t -  
-t 
e r i o r  d i s t r i b u t i o n  of  E t  c o n d i t i o n a l  upon Xt - = (ttl , .  . . , x tn  1 
t 
i s  a  mu l t i no rma l  d i s t r i b u t i o n  w i t h  mean m: and c o v a r i a n c e  
., 
m a t r i x  S:, where 
- 
and 
+ ntZ -1 )-1 S; = (S; -
Here m = C x . / n t  i s  t h e  sample mean v e c t o r ,  and (nt,") 
i.1 --tl 
i s  s u f f i c i e n t  f o r  i n f e r e n c e s  conce rn ing  c t .  
P r o o f .  The proof  f o l l o w s  d i r e c t l y  from DeGroot [6 ,  pp. 175- 
1761.  F a c t o r i n g  o u t  te rms  i n  f ( p t )  n o t  i n v o l v i n g  lJJ, we 
have 
where "TIf deno te s  t r a n s p o s i t i o n .  Fur thermore ,  s i n c e  t h e  
d a t a - g e n e r a t i n g  p r o c e s s  i s  an  independent  mul t inormal  pro-  
c e s s ,  t h e  l i k e l i h o o d  f u n c t i o n  can  be  w r i t t e n  
From t h i s  l i k e l i h o o d  f u n c t i o n ,  i t  can  be s e e n  t h a t  (nt,"t) 
i s  s u f f i c i e n t .  Applying Bayesf  theorem y i e l d s  
Combining te rms  i n  t h e  exponent ,  comple t ing  t h e  s q u a r e  on F t ,  
and f a c t o r i n g  ou t  te rms  no t  i n v o l v i n g  k t ,  we have 
where rn; and S: a r e  g iven  by ( 2 . 3 )  and ( 2 . 4 ) .  The d i s t r i b u -  
- - 
i i f i r j  i n  ( 2 . 5 )  i s  i n  t h e  form o f  a  mul t inormal  d e n s i t y  w i t h  
mean m" and c o v a r i a n c e  m a t r i x  S:. 
-t - 
During t h e  t ime p e r i o d ,  t h e n ,  t h e  d i s t r i b u t i o n  of  c t  i s  
r e v i s e d  a s  new i n f o r m a t i o n  becomes a v a i l a b l e .  A t  t h e  end of  
t ime p e r i o d  t ( t h e  beg inn ing  o f  t ime  p e r i o d  t + l ) ,  t h e  d a t a -  
g e n e r a t i n g  p r o c e s s  i s  governed by a  new mean v e c t o r ,  - !t+l' 
so  i t  i s  n e c e s s a r y  t o  use t h e  p o s t e r i o r  d i s t r i b u t i o n  of  k t  
and t h e  r e l a t i o n  g iven  by ( 2 . 1 )  t o  de t e rmine  t h e  p r i o r  d i s -  
t r i b u t i o n  of c t t l  a t  t h e  b e g i n n i n g  o f  t ime p e r i o d  t + 1. 
Theorem 2.  I f  t h e  w o s t e r i o r  d i s t r i b u t i o n  of c t  i s  a s  de- 
r i v e d  i n  Theorem 1, and t h e  r e l a t i o n s h i p  between ct and G t t l  
i s  g i v e n  by ( 2 . 1 ) ,  where c t  i s  independent  of c t  and m u l t i -  
normal w i t h  mean e  and c o v a r i a n c e  m a t r i x  Q, t h e n  t h e  p r i o r  
- - 
d i s t r i b u t i o n  of  6 i s  a  mul t inormal  d i s t r i b u t i o n  w i t h  mean 
- t+l  
m '  a.nd c o v a r i a n c e  m a t r i x  ?Et1, 
- t+ l  where 
and 
Proof .  S ince  E t + l  i s  a  l i n e a r  combina t ion  o f  independent  
mu l t i no rma l  random v e c t o r s ,  t h e  r e s u l t  i s  t r i v i a l .  
Combining t h e  r e s u l t s  o f  Theorems 1 and 2, we s e e  t h a t  
p r i o r  d i s t r i b u t i o n s  f o r  mean v e c t o r s  i n  s u c c e s s i v e  p e r i o d s  
a r e  r e l a t e d  a s  
and 
These formulas  ho ld  f o r  t = 1 , 2 ,  ...; i f  t h e  i n i t i a l  p r i o r  
d i s t r i b u t i o n  a t  t h e  b e g i n n i n g  o f  p e r i o d  one i s  known, t h e n  
( 2 . 8 )  and ( 2 . 9 )  can  b e  a p p l i e d  each  p e r i o d  a f t e r  (nty") i s  
obse rved .  
The u p d a t i n g  procedure  f o r  t h e  model deve loped  i n  t h i s  
s e c t i o n  i s  r e l a t i v e l y  s t r a i g h t f o r w a r d ,  b u t  d i f f i c u l t i e s  a r e  
encoun te red  i n  a t t e m p t i n g  t o  i n v e s t i g a t e  l i m i t i n g  p r o p e r t i e s  
o f  t h e  model.  S t a r t i n g  w i t h  m i  and S i  and r e p e a t e d l y  app ly -  
- - 
i n g  ( 2 . 8 )  and ( 2 . 9 ) ,  i t  i s  p o s s i b l e  t o  e x p r e s s  m; and 2; a s  
f u n c t i o n s  o f  t h e  i n i t i a l  v a l u e s  mi and S i ,  t h e  sample s t a -  
t i s t i c s  (ni,"), i = 1,. . . ,t-1, and t h e  known pa rame te r s  5 ,  
R ,  and e .  However, t h e s e  f u n c t i o n s  a r e  q u i t e  compl i ca t ed ,  
a s  terms such  a s  (?i-' + nt:-l)-l  i n  ( 2 . 9 ) ,  when a p p l i e d  r e -  
p e a t e d l y ,  do no t  y i e l d  s i m p l e  e x p r e s s i o n s .  I n  t h e  u n i v a r i a t e  
c a s e ,  such  d i f f i c u l t i e s  a r e  n o t  e n c o u n t e r e d ,  because  t h e  r e -  
s p e c t i v e  v a r i a n c e s  can  a l l  be  e x p r e s s e d  as c o n s t a n t  m u l t i p l e s  
o f  each  o t h e r .  
To avo id  t h e  d i f f i c u l t i e s  mentioned i n  t h e  p r e c e d i n g  
pa rag raph ,  we w i l l  i n v e s t i g a t e  a  s i m p l i f i e d  form o f  t h e  gen- 
e r a l  model. The s i m p l i f y i n g  assumpt ions  a r e  t h a t  S i  and i2 - 
a r e  c o n s t a n t  m u l t i p l e s  of  C 
- 
and 
The f i r s t  a s sumpt ion ,  g i v e n  by ( 2 . 1 0 ) ,  i s  f r e q u e n t l y  encoun- 
t e r e d  i n  Bayes ian  work. E s s e n t i a l l y ,  i t  i m p l i e s  t h a t  t h e  
p r i o r  i n f o r m a t i o n  a t  t h e  b e g i n n i n g  o f  p e r i o d  one can  be  
t hough t  a s  e q u i v a l e n t  t o  t h e  i n f o r m a t i o n  o b t a i n e d  from a  
sample o f  s i z e  n i  from t h e  p r o c e s s .  Assumption ( 2 . 1 1 )  i m -  
p l i e s  t h a t  t h e  random shocks  t h a t  change t h e  mean v e c t o r  
from p e r i o d  t o  p e r i o d  a r e  such  t h a t  t h e y  do not  change t h e  
u n d e r l y i n g  r e l a t i o n s h i p  among t h e  e l emen t s  o f  t h e  mean v e c t o r .  
With t h e  i n c l u s i o n  o f  assumpt ions  (2  . l o )  and ( 2 . 1 1 ) ,  
( 2 . 8 )  and ( 2 . 9 )  can  b e  e x p r e s s e d  i n  more s i m p l i f i e d  form: 
and 
f o r  t = 1 , 2 , .  . . . Moreover, i f  n t + l  i s  d e f i n e d  a s  
t h e n  
From ( 2 . 1 5 ) ,  it  i s  appa ren t  t h a t  t h e  l i m i t i n g  b e h a v i o r  o f  S; 
can be  s t u d i e d  by i n v e s t i g a t i n g  t h e  l i m i t i n g  b e h a v i o r  o f  n;. 
Looking a t  t h e  s p e c i a l  c a s e  i n  which t h e  sample s i z e  i s  t h e  
same each  p e r i o d ,  we can f i n d  a  l i m i t  f o r  n t .  
Theorem 3 .  I f  n i + l  i s  d e f i n e d  a s  i n  ( 2 . 1 4 )  and i f  nt = n  
f o r  t = 1 , 2 ,  ..., where n i , n ,  and w a r e  a l l  s t r i c t l y  p o s i t i v e ,  
t h e n  
P r o o f .  F i r s t ,  i f  a  l i m i t  nL e x i s t s ,  i t  must s a t i s f y  
which s i m p l i f i e s  t o  
T h i s  e q u a t i o n  h a s  e x a c t l y  one p o s i t i v e  r o o t ,  which i s  
T h i s  i s  t h e  l i m i t  p o s t u l a t e d  i n  ( 2 . 1 6 ) ;  d o e s  t h e  s e q u e n c e  
{n;} c o n v e r g e  t o  nL? C o n s i d e r  
From ( 2 . 1 7 ) ,  t h e  l a s t  t e r m  i n  t h e  n u m e r a t o r  i s  z e r o ,  s o  
w - n  
- nL ( + ) n  - n  . t + l  
2  A ~ S O ,  ( 2 . 1 7 )  i m p l i e s  t h a t  nL = n(w - n L ) -  Thus ,  
w -  n 2 0  and  [ ( w - n L ) / ( n ;  + n + w ) ]  > 0 , L  
i m p l y i n g  t h a t  
w - n  
1 - = ( n ;  + n  w )  In; - n  (2) n  - n L )  
T h e r e  f o r e ,  
where  i t  i s  c l e a r  t h a t  
Thus, 
R i m  n; 
t+- = " L  
An immediate c o r o l l a r y  of Theorem 3 i s  t h a t  under  t h e  
c o n d i t i o n s  o f  t h e  theorem, 
R i m  SE = - 1 ~  ,
"L - ( 2 . 2 1 )  t + m  - 
where nL i s  g iven  by ( 2 . 1 8 ) .  T h i s  r e s u l t  f o l l o w s  d i r e c t l y  
from ( 2 . 1 5 )  and ( 2 . 2 0 ) .  Moreover, it  i s  p o s s i b l e  t o  con- 
t r a s t  t h i s  r e s u l t  w i t h  t h a t  o f  t h e  s t a t i o n a r y  c a s e .  The 
s t a t i o n a r y  c a s e  can  be  t hough t  o f  a s  a  l i m i t i n g  form o f  t h e  
n o n s t a t i o n a r y  c a s e  w i t h  e  = 0  and w - l  = 0 .  Thus, from ( 2 . 1 4 ) ,  
- 
we have ,  f o r  t h e  s t a t i o n a r y  c a s e ,  
T h e r e f o r e ,  assuming t h a t  n  i s  a  p o s i t i v e  i n t e g e r  f o r  a l l  t ,  t 
n; i n c r e a s e s  w i thou t  bound a s  t i n c r e a s e s ,  s o  t h a t ,  from 
(2 .151 ,  SE approaches  a  m a t r i x  o f  z e r o s  a s  t i n c r e a s e s .  
- 
I n t u i t i v e l y ,  i n  t h e  s t a t i o n a r y  c a s e ,  t h e  d i s t r i b u t i o n  of  t h e  
unknown pa rame te r s  becomes t i g h t e r  a s  we o b t a i n  more i n f o r -  
ma t ion .  I n  t h e  n o n s t a t i o n a r y  c a s e ,  nEt1 < n i  + nt  because  
of  t h e  a d d i t i o n a l  u n c e r t a i n t y  i n v o l v i n g  t h e  s h i f t s  i n  t h e  
mean v e c t o r ,  and t h e  d i s t r i b u t i o n  does  no t  n e c e s s a r i l y  be- 
come t i g h t e r  a s  t i n c r e a s e s .  I n  f a c t ,  i f  n i ,  t h e  i n i t i a l  
v a l u e  of n;, i s  l a r g e r  t h a n  nL, t h e  e l emen t s  o f  S i  w i l l  
i n c r e a s e  as t i n c r e a s e s .  I n  t h i s  c a s e ,  i n i t i a l l y  t h e r e  i s  
a g r e a t  d e a l  o f  i n f o r m a t i o n  conce rn ing  Even though t h e  
-1. 
o b s e r v a t i o n s  i n  t h e  f i r s t  p e r i o d  y i e l d  y e t  f u r t h e r  informa- 
t i o n  conce rn ing  c t h e  random shock a t  t h e  end o f  t h e  pe- 
- l 
r i o d  i s  s t r o n g  enough t o  imply t h a t  t h e r e  i s  l e s s  informa- 
t i o n  about  c 2  a t  t h e  beg inn ing  o f  t h e  second p e r i o d  t h a n  
t h e r e  was about  c a t  t h e  beg inn ing  of  t h e  f i r s t  p e r i o d .  
- 1 
On t h e  o t h e r  hand,  i f  n i  i s  l e s s  t h a n  nL, t h e n  t h e  informa- 
t i o n  o b t a i n e d  each  p e r i o d  " o v e r r i d e s "  t h e  u n c e r t a i n t y  caused 
by t h e  random shock ,  i n  a  s e n s e ,  and t h e r e  i s  more informa- 
t i o n  about  c2  a t  t h e  beg inn ing  o f  t h e  second p e r i o d  t h a n  
t h e r e  was about  e l  a t  t h e  beg inn ing  o f  t h e  f i r s t  p e r i o d .  
Next,  we w i l l  i n v e s t i g a t e  t h e  behav io r  o f  t h e  sequence  
{mi l .  Without l o s s  o f  g e n e r a l i t y ,  assume t h a t  e  = 0 .  Then, 
- 
from (2 .121 ,  can  be e x p r e s s e d  i n  t h e  form 
mi+1 = stmi + (1 - q t )  mt , 
where 
qt = n ; / ( n t  + n t )  . 
S u c c e s s i v e l y  a p p l y i n g  ( 2 . 2 2 )  g i v e s  "+1 a s  a  f u n c t i o n  o f  mi, 
t h e  i n i t i a l  mean, and rni and qi f o r  i = 1, ..., t 
Theorem 4 .  Under t h e  c o n d i t i o n s  o f  Theorems 2 and 3,  and 
w i t h  e  = 0 and n i  = nL, 
- 
where 
P roo f .  From ( 2 . 1 9 ) ,  n i  = nL i m p l i e s  t h a t  n; = nL f o r  
t = 2 ,3 ,  ...; one t h e  p r o c e s s  r e a c h e s  t h e  l i m i t  nL, i t  r e -  
mains t h e r e .  Also ,  i n  Theorem 3, it  was assumed t h a t  nt = n  
f o r  a l l  t .  Thus, from ( 2 . 2 3 ) ,  we have 
qt = n L / ( n L  + n )  = q  f o r  a l l  t .  
On s u b s t i t u t i n g  q  f o r  each  q i ,  i = 1, ..., t ,  i n  ( 2 . 2 4 ) ,  we 
g e t  ( 2 . 2 5 ) .  
Under t h e  assumpt ions  o f  Theorem 4,  t h e  p r i o r  mean 
v e c t o r  a t  t h e  beg inn ing  of  any p e r i o d  can  be e x p r e s s e d  a s  a  
sum o f  1) t h e  i n i t i a l  p r i o r  mean v e c t o r  m '  s u i t a b l y  d i s -  
-1 ' 
counted  by a  f a c t o r  o f  qt  and 2 )  an  e x p o n e n t i a l l y  weighted  
sum o f  t h e  obse rved  sample means. T h i s  r e s u l t  seems i n -  
t u i t i v e l y  a p p e l l i n g ;  r e c e n t  o b s e r v a t i o n s  a r e  weighted  more 
h e a v i l y  t h a n  no t - so - r ecen t  o b s e r v a t i o n s .  Obse rva t ions  from 
a  p r o c e s s  w i t h  a  mean t h a t  i s  on ly  "one shock removed" from 
t h e  c u r r e n t  mean r e c e i v e  a  weight  o f  ( 1 - q ) ,  whereas obse r -  
v a t i o n s  from a  p r o c e s s  w i t h  a  mean t h a t  i s ,  s a y ,  "i shocks  
i-1 
removed,"  r e c e i v e  a  w e i g h t  o f  ( 1 - q ) q  . S i n c e  0  < q  < 1, 
t h e  i m p a c t  o f  a p a r t i c u l a r  sample  mean o n  f u t u r e  v a l u e s  o f  
m T  d e c r e a s e s  a s  t i n c r e a s e s .  
- t  
Theorem 4 u t i l i z e s  one a s s u m p t i o n  n o t  p r e v i o u s l y  u s e d :  
t h e  a s s u m p t i o n  t h a t  n i  = n  T h i s  a s s u m p t i o n  i m p l i e s  t h a t  L '  
a t  t h e  b e g i n n i n g  o f  t,rle f i r s t  p e r i o d ,  t h e  model i s  a l r e a d y  
i n  s t e a d y - s t a t e  fo rm i n  t h e  s e n s e  t h a t  t h e  s e q u e n c e  o f  
v a r i a n c e s  .Si w i l l  b e  a  c o n s t a n t  s e q u e n c e .  A s  l o n g  as I n i  - nLI 
i s  n o t  t o o  l a r g e ,  ( 2 . 2 5  ) w i l l  p r o v i d e  a good a p p r o x i m a t i o n  
t o  t h e  b e h a v i o r  o f  t h e  s e q u e n c e  m i .  F u r t h e r m o r e ,  i n  any 
- 
e v e n t  t h e  a p p r o x i m a t i o n  w i l l  improve  a s  t i n c r e a s e s .  
3 .  A p p l i c a t i o n  t o  P o r t f o l i o  A n a l y s i s  
One p o - c e r ~ t i a l  a r e a  o f  a p p l i c a t i o n  o f  t h e  model d i s c u s s e d  
i n  t h e  p r e v i o u s  s e c t i o n  i s  p o r t f o l i o  a n a l y s i s .  I n  p o r t f o l i o  
a n a l y s i s ,  t h e  p r o c e s s  o f  i n t e r e s t  i s  t h e  p r o c e s s  g e n e r a t i n g  
c h a n g e s  i n  s e c u r i t y  p r i c e s ,  and t h e  d e c i s i o n  making o b j e c t i v e  
i s  t o  d e t e r m i n e  a n  " o p t i m a l "  p o r t f o l i o  o f  s e c u r i t i e s .  I n  
W i n k l e r  [lo] , a B a y e s i a n  model f o r  f o r e c a s t i n g  f u t u r e  s e c u r i -  
t y  p r i c e s  u n d e r  t h e  a s s u m p t i o n  o f  s t a t i o n a r i t y  i s  p r e s e n t e d ,  
and t h i s  model i s  u s e d  i n  W i n k l e r  and  B a r r y  [ill i n  t h e  de-  
t e r m i n a t i o n  o f  p o r t f o l i o  s e l e c t i o n  a n d  r e v i s i o n  p o l i c i e s  
t h a t  a r e  o p t i m a l  i n  t h e  s e n s e  t h a t  t h e y  maximize t h e  e x p e c t e d  
u t i l i t y  o f  t h e  d e c i s i o n  m a k e r ' s  w e a l t h  a t  some p r e s p e c i f i e d  
f u t u r e  t i m e  ( i .  e .  e n d - o f - h o r i z o n  w e a l t h ) .  I n  t h i s  s e c t i o n ,  
we w i l l  s k e t c h  b r i e f l y  t h e  a p p l i c a t i o n  o f  t h e  model o f  Sec-  
t i o n  2  t o  a l l o w  t h e  d e t e r m i n a t i o n  of  o p t i m a l  p o r t f o l i o s  
u n d e r  n o n s t a t i o n a r i t y .  
Using t h e  n o t a t i o n  o f  S e c t i o n  2 suppose  t h a t  M s e c u r i -  
t i e s  a r e  under  c o n s i d e r a t i o n  f o r  i n c l u s i o n  i n  t h e  p o r t f o l i o ,  
and one o b s e r v a t i o n  o f  p r i c e s  w i l l  be made each  p e r i o d ,  s o  
that ,  nt = 1 f o r  t = 1 , 2 , . .  . . The v a r i a b l e  o f  i n t e r e s t  i n  
p e r i o d  t i s  ?t ( s i n c e  nt = 1, we d rop  t h e  second s u b s c r i p t  
- 
f o r  conven ience ) ,  t h e  v e c t o r  of  l o g  p r i c e  changes of  t h e  M 
s e c u r i t i e s ,  which has  a  mul t inormal  d i s t r i b u t i o n  w i t h  mean ct 
and c o v a r i a n c e  m a t r i x  C .  The p r o c e s s  g e n e r a t i n g  s u c c e s s i v e  
- 
v a l u e s  of  t h e  mean v e c t o r  a t  t h e  beg inn ing  of p e r i o d  one a r e  
j u s t  a s  i n  S e c t i o n  2 .  A t  t h e  end of  t ime p e r i o d  t ,  at  deno te s  t h e  
v e c t o r  o f  h o l d i n g s  ( i n  d o l l a r s )  of t h e  M s e c u r i t i e s ,  and t h e  
T  d e c i s i o n  maker 's  wea l th  a t  t h i s  t ime  i s  s imp ly  W t  = 1 a t ,  
where 1 i s  a  v e c t o r  o f  ones .  
- 
A conven ien t  assumpt ion  i s  t h a t  t h e  t i m e  p e r i o d s  under  
c o n s i d e r a t i o n  a r e  s h o r t  enough t h a t  t h e  l o g  p r i c e  changes 
a r e  u n l i k e l y  t o  d i f f e r  from z e r o  by a  s u b s t a n t i a l  amount. 
Under t h i s  assumpt ion ,  zt p r o v i d e s  a  good app rox ima t ion  t o  
t h e  v e c t o r  of  r a t e s  of  r e t u r n ,  and we w i l l  t r e a t  It a s  i f  i t  
- 
were a  v e c t o r  of  r a t e s  of  r e t u r n .  Then t h e  w e a l t h  a t  t h e  
end of p e r i o d  t can  b e  w r i t t e n  i n  t h e  form 
'I' 
- W t  = ( 1  + "1 + P t - l  s t - l )  9 
where P ~ - ~  and qt-l a r e  v e c t o r s  of  t h e  amounts bought  and 
s o l d ,  r e s p e c t i v e l y ,  o f  t h e  M s e c u r i t i e s  a t  t h e  end o f  t ime 
p e r i o d  t-1. 
To keep m a t t e r s  s i m p l e ,  we w i l l  c o n s i d e r  on ly  a  s i n g l e -  
p e r i o d  model,  which i s  a  model i n  which t h e  d e c i s i o n  maker ' s  
t ime  h o r i z o n  i s  always on ly  one p e r i o d  i n t o  t h e  f u t u r e .  
Thus, a t  t h e  end  o f  p e r i o d  t-1, t h e  d e c i s i o n  maker wants  t o  
choose p  and t o  maximize 
- t-1 
s u b j e c t  t o  
and 
where t h e  v e c t o r  i n e q u a l i t i e s  imply t h a t  t h e  i n e q u a l i t y  h o l d s  
f o r  -- each  p a i r  o f  c o r r e s p o n d i n g  e l emen t s  of  t h e  v e c t o r s ,  c  
r e p r e s e n t s  a  c o n s t a n t  p e r - u n i t  t r a n s a c t i o n  c o s t  ( f o r  b o t h  
buy ing  and s e l l i n g ) ,  and  U r e p r e s e n t s  t h e  d e c i s i o n  maker ' s  
u t i l i t y  f u n c t i o n  f o r  W t .  The f i r s t  c o n s t r a i n t  r e f l e c t s  t h e  
e f f e c t  o f  t r a n s a c t i o n  c o s t s ,  t h e  second  c o n s t r a i n t  p r o h i b i t s  
s h o r t  s e l l i n g ,  and t h e  second  and t h i r d  c o n s t r a i n t s  a r e  
s imp ly  n o n - n e g a t i v i t y  c o n s t r a i n t s .  
The u n c e r t a i n t y  i n  t h e  p o r t f o l i o  a n a l y s i s  problem i n -  
v c l v e s  ?t .  Given some a s sumpt ions  abou t  t h e  d a t a - g e n e r a t i n g  
-. 
p r o c e s s  and g i v e n  p r i o r  d i s t r i b u t i o n s  f o r  t h e  u n d e r l y i n g  
p a r a m e t e r s  o f  t h e  p r o c e s s ,  i t  i s  p o s s i b l e  t o  d e t e r m i n e  t h e  
d i s t r i b u t i o n  of  z t ,  which i s  c a l l e d  p r e d i c t i v e  d i s t r i b u t i o n .  
For  t h e  n o n s t a t i o n a r y  model of S e c t i o n  2 w i t h  e  = 0 and w i t h  
-. 
t h e  s i m p l i f y i n g  a s s u m p t i o n s  ( 2 . 1 0 )  a n d  ( 2 . 1 1 ) ,  t h e  p r e d i c t i v e  
d i s t r i b u t i o n  o f  zt a t  t h e  e n d  o f  t i m e  p e r i o d  t-1 i s  a  m u l t i -  
- 
n o r m a l  d i s t r i b u t i o n  w i t h  mean ?:-l = ="End  c o v a r i a n c e  m a t r i x  
[n; t n t  ) / n i l  C .  
Given t h e  p r e d i c t i v e  d i s t r i b u t i o n  o f  ?t ,  i t  i s  e a s y  t o  
- 
compare  t h e  s t a t i o n a r y  a n d  n o n s t a t i o n a r y  mode l s .  Suppose  
t h a t  a t  t h e  b e g i n n i n g  o f  t i m e  p e r i o d  t-1, t h e  p r i o r  d i s t r i -  
b u t i o n  o f  ct-l  i s  t h e  same f 'or t h e  two mode l s .  : J s i n g  ( 2 . 1 4 1 ,  
-1 -1 n  [ ( n n  w ] . 
t-l  
But  t h e  s t a t i o n a r y  model c a n  b e  t h o u g h t  o f  a s  a  l i m i t i n g  fo rm 
o f  t h e  n o n s t a t i o n a r y  model w i t h  w - l  = 0 ,  s o  n; w i l l  be  l a r g e r  
f o r  t h e  s t a t i o n a r y  model t h a n  f o r  t h e  n o n s t a t i o n a r y  model .  
Hence,  t h e  e l e m e n t s  o f  t h e  c o v a r i a n c e  m a t r i x  o f  zt w i l l  b e  
s m a l l e r  i n  a b s o l u t e  v a l u e  f o r  t h e  s t a t i o n a r y  mode l .  
Given U ,  one  c a n  s o l v e  f o r  t h e  o p t i m a l  p o r t f o l i o  r e v i -  
s i o n  a t  t h e  e n d  o f  t i m e  p e r i o d  t-1. F o r  i n s t a n c e ,  i f  U i s  
q u a d r a t i c ,  t h e  p r o b l e m  i s  a  q u a d r a t i c  programming prob lem.  
F o r  q u a d r a t i c  a n d  e x p o n e n t i a l  u t i l i t y  f u n c t i o n s ,  t h e  o p t i m a l  
s o l u t i o n  i s  f o u n d  i n  B a r r y  E l ] .  Moreover ,  t h i s  s o l u t i o n  i s  
compared w i t h  t h e  o p t i m a l  s o l u t i o n  t o  t h e  c o r r e s p o n d i n g  
s t a t i o n a r y  model .  F o r  a s i t u a t i o n  w i t h  one  r i s k y  s e c u r i t y  
and  o n e  r i s k - f r e e  s e c u r i t y ,  i t  i s  found  t h a t ,  a l l  o t h e r  
t h i n g s  b e i n g  e q u a l ,  t h e  d e c i s i o n  maker u s i n g  t h e  n o n s t a t i o n -  
a r y  model w i l l  h o l d  a n  amount o f  t h e  r i s k - f r e e  s e c l ~ r i t y  
g r e a t e r  t h a n  o r  e q u a l  t o  t h e  amount h e l d  u n d e r  t h e  s t a t i o n a r y  
model .  T h i s  seems i n t u i t i v e l y  r e a s o n a b l e ,  s i n c e  t h e  u t i l i t y  
f u n c t i o n s  imply  r i s k  a v e r s i o n  a n d  t h e r e  i s  a d d i t i o n a l  u n c e r -  
t a i n t y  c o n c e r n i n g  t h e  mean r e t u r n  f rom t h e  r i s k y  a s s e t  i n  t h e  
n o n s t a t i o n a r y  model .  The c a s e  o f  two r i s k y  s e c u r i t i e s  i s  
a l s o  i n v e s t i g a t e d  ( w i t h  similar  r e s u l t s )  i n  B a r r y  [I]. 
The s i n g l e - p e r i o d  p o r t f o l i o  mode l s  a l l o w  f o r  t h e  r e v i -  
s i o n  o f  p r o b a b i l i t y  d i s t r i b u t i o n s  and  p o r t f o l i o s  as new i n -  
f o r m a t i o n  i s  r e c e i v e d ,  b u t  t h e y  do  n o t  t a k e  i n t o  a c c o u n t  
t h e  dynamic n a t u r e  o f  t h e  p o r t f o l i o  a n a l y s i s  p r o b l e m .  A 
m u l t i p e r i o d  model t h a t  d o e s  c o n s i d e r  t h e  dynamic n a t u r e  o f  
t h e  s i t u a t i o n  h a s  b e e n  s t u d i e d ' i n  some d e t a i l  u n d e r  s t a t i o n -  
a r i t y ,  a n d  a  n o n s t a t i o n a r y  m u l t i p e r i o d  model s h o u l d  a l s o  b e  
o f  c o n s i d e r a b l e  i n t e r e s t .  F o r  i n s t a n c e ,  i t  s h o u l d  b e  u s e f u l  
t o  compare  t h e  s t e a d y - s t a t e  b e h a v i o r  o f  t h e  n o n s t a t i o n a r y  
m u l t i p e r i o d  model (where  n '  = nL,  s o  t h a t  nE+l,  n E + 2 , . . . ,  t 
a r e  a l l  e q u a l  t o  n L )  w i t h  t h e  b e h a v i o r  o f  t h e  s t a t i o n a r y  
m u l . t i p e r i o d  model  (where  n  t+ l ,  t ~ ~ + ~ , . . .  f o r m  a s t r i c t l y  i n -  
c r e a s i n g  s e q u e n c e ) .  
4 .  Summary a n d  D i s c u s s i o n  
I n  S e c t i o n  2  a B a y e s i a n  model f o r  d e a l i n g  w i t h  a m u l t i -  
n o r m a l  p r o c e s s  w i t h  a  n o n s t a t i o n a r y  mean v e c t o r  was d i s c u s s e d .  
When t h e  model i s  e x p r e s s e d  i n  i t s  most  g e n e r a l  f o r m ,  i t  ap-  
p e a r s  d i f f i c u l t  t o  make b r o a d  s t a t e m e n t s  a b o u t  t h e  l i m i t i n g  
b e h a v i o r  o f  t h e  mode l ,  a l t h o u g h  f o r m u l a s  f o r  r e v i s i n g  t h e  
d i s t r i b u t i o n s  o f  i n t e r e s t  c a n  r e a d i l y  b e  o b t a i n e d .  With  some 
s i m p l i f y i n g  a s s u m p t i o n s ,  p r i m a r i l y  c o n c e r n i n g  t h e  s t r u c t u r e  
o f  t h e  c o v a r i a n c e  m a t r i c e s  i n c l u d e d  i n  t h e  mode l ,  i t  i s  pos-  
s i t l e  t o  d e t e r m i n e  t h e  l i m i t i n g  c o v a r i a n c e  m a t r i x  o f  g t .  
U n l i k e  t h e  s t a t i o n a r y  c a s e ,  t h e  l i m i t i n g  c o v a r i a n c e  m a t r i x  
i s  n o n z e r o ,  b e c a u s e  e v e n  t h o u g h  more i n f o r m a t i o n  i s  o b t a i n e d  
i n  e a c h  p e r i o d ,  t h e  mean v e c t o r  i s  a l s o  s h i f t i n g  s t o c h a s t i c -  
a l l y  i n  e a c h  p e r i o d ,  s o  u n c e r t a i n t y  r e m a i n s  a b o u t  t h e  v a l u e  
o f  t h i s  mean v e c t o r .  
V a r i o u s  e x t e n s i o n s  o f  t h e  model i n  S e c t i o n  2 c o u l d  b e  
c o n s i d e r e d .  It was assumed t h a t  x ,  t h e  c o v a r i a n c e  m a t r i x  o f  
- 
t h e  d a t a - g e n e r a t i n g  p r o c e s s ,  was known, and t h i s  a s s u m p t i o n  
c o u l d  b e  r e l a x e d  by a s s e s s i n g  a  j o i n t  p r i o r  d i s t r i b u t i o n  f o r  
!? 1 and  C a t  t h e  b e g i n n i n g  o f  p e r i o d  o n e  and  r e v i s i n g  t h i s  d i s -  - 
t r i b u t i o n  a s  new i n f o r m a t i o n  i s  o b t a i n e d .  I f  t h i s  j o i n t  
p r i o r  d i s t r i b u t i o n  i s  N o r m a l - i n v e r t e d - W i s h a r t ,  t h e  e x t e n s i o n  
f r o m  t h e  c a s e  o f  known C i s  s i m p l e  t o  h a n d l e .  S i m i l a r l y ,  i t  
- 
c o u l d  be  assumed t h a t  e  and  R a r e  unknown, a l t h o u g h  t h e  model 
- - 
c o u l d  become q u i t e  cumbersome i f  a l l  p a r a m e t e r s  a r e  assumed 
unknown. Another  p o s s i b l e  e x t e n s i o n  i s  t o  assume t h a t  t h e  
s h o c k s  t h a t  s h i f t  t h e  mean o c c u r  s t o c h a s t i c a l l y  i n s t e a d  o f  
r e g u l a r l y  a t  t h e  b e g i n n i n g  of  e a c h  t i m e  p e r i o d .  F o r  example ,  
t h e  s h o c k s  m i g h t  b e  assumed t o  be  g e n e r a t e d  by a  P o i s s o n  
p r o c e s s .  C a r t e r  [5] c o n s i d e r e d  t h i s  t y p e  o f  e x t e n s i o n  f o r  
t h e  u n i v a r i a t e  s i t u a t i o n  s t u d i e d  by B a t h e r  [ 2 ] .  
I n  S e c t i o n  3 a v e r y  b r i e f  o u t l i n e  o f  t h e  a p p l i c a t i o n  of 
t h e  n o n s t a t i o n a r y  model t o  p o r t f o l i o  a n a l y s i s  was p r e s e n t e d .  
I n  t h e  c o n t e x t  o f  B a y e s i a n  models  o f  s e c u r i t y  p r i c e  c h a n g e s ,  
a  n o n s t a t i o n a r y  model seems more r e a l i s t i c  t h a n  a  s t a t i o n a r y  
model ( e . g .  i t  seems r e a s o n a b l e  f o r  t h e  v a r i a n c e s  n o t  t o  
a p p r o a c h  z e r o ) .  F o r  a s i m p l e  s i n g l e - p e r i o d  mode l ,  t h e  non- 
s t a t i o n a r y  model o f  t h i s  p a p e r  i s  compared w i t h  a s t a t i o n a r y  
model i n  B a r r y  [I], and t h e  r e s u l t s  i n d i c a t e  t h a t  n o n s t a t i o n -  
a r i t y  c a u s e s  some c h a n g e s  i n  t h e  o p t i m a l  p o r t f o l i o s .  I n  v iew 
o f  t h e  a p p a r e n t  a p p l i c a b i l i t y  o f  n o n s t a t i o n a r y  models  i n  
p o r t f o l i o  a n a l y s i s  a n d  i n  o t h e r  s i t u a t i o n s ,  f u r t h e r  work r e -  
g a r d i n g  s u c h  models  seems w a r r a n t e d .  
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